A two-dimensional pseudo-homogeneous model with axial dispersion of heat has been solved numerically with different boundary conditions at the inlet and outlet of the packed bed. The model solutions are fitted to experimental temperature profiles, determined in a wall-cooled packed bed in which a hot gas is cooled down, and best fit values of the effective axial and radial thermal conductivities and the wall heat transfer coefficient are obtained. In the range of Reynolds numbers employed, Re; > 50, the axial dispersion of heat is found to be of no significance for the description of heat transport in wall-cooled packed beds without reaction, provided that the inlet boundary conditions are chosen appropriately. If a radially flat inlet temperature profile is assumed, while the actual profile is curved, an apparent improvement in the description of heat transport is observed when axial dispersion is incorporated into the heat balance and high effective axial thermal conductivities are obtained. If a Danckwerts type inlet boundary condition is used, assuming a flat temperature profile immediately in front of the inlet, an apparent improvement is also found on incorporation of axial dispersion of heat. This is caused by the temperature jump at the inlet, compensating for the overestimation of inlet temperature, in the case of cooling. The latter also explains why the inclusion of axial dispersion may eliminate the so-called "length effect", often related to the effective radial thermal conductivity and the wall heat transfer coefficient. It is shown for the outlet boundary condition that deletion of the axial dispersion term from the heat balance at the outlet is a convenient boundary condition for the model being solved numerically.
Significance of Axial Heat Dispersion for the Description of Heat Transport in Wall-cooled Packed Beds

Introduction
Axial dispersion of mass and heat in packed beds has been of much interest for many years. Pioneering work in this field was, among others, performed by Wilhelm who was one of the first investigators to show experimentally that the Peclet number for axial dispersion of mass, at fully developed flow, equals two [l] . This agrees with the value predicted theoretically on the assumption of the packed bed acting as a series of n perfect mixers, where n is the number of voids between the particles traversed between the inlet and outlet of the packed bed. Since 1970, axial dispersion of heat gained even more interest, for example, through the work of Young and Finlayson [2] . They showed that inclusion of axial heat dispersion in the modelling of heat transport in a cooled tubular reactor, under reaction conditions, can significantly alter the predicted temperature profiles. They derived a criterion for determining under what conditions can axial heat dispersion be neglected. This criterion is independent of the reactor length, whereas computer calculations, e.g. of Carberry and Wendel [3] , Marek and Hlavacek [4, 51 , who calculated axial temperature and conversion profiles for heterogeneous exothermic reactions in an adiabatic packed bed reactor, indicate that the significance of axial heat dispersion decreases with increas-ing bed length. Later, Mears [6] derived a criterion for neglecting the axial dispersion of heat in non-isothermal packed bed reactors, based on the inlet rate data, which does depend on reactor length. Recently, extensive computer calculations showed axial dispersion of heat to be of minor importance for practical conditions, see e.g. [7 - 91. These and other seemingly contradictory results lead to confusion about the significance of reactor length combined with axial heat dispersion for the modelling of e.g. cooled tubular reactors.
I . I Criteria for Neglecting Axial Dispersion of Heat
For the description of heat transport without reaction in wall-cooled or heated packed beds, axial heat dispersion is usually neglected. Model calculations for these, so-called cold-flow experiments show the temperature profiles to be relatively insensitive to the value of the effective axial thermal conductivity 110 -121. This is also the reason why this parameter is usually determined in adiabatic packed beds, employing either dynamic [13, 141 or steady-state experiments [14, 151. files and omitting axial dispersion of heat. This expression is: ') A similar criterion for neglecting axial dispersion of heat in cold-flow experiments has recently been presented by Wijngaarden [17] . This criterion can be written as:
in which ( = 0.1 for a closed-closed system and < = 0. 4 for an open-closed system. For Re;> 50, the relevant dimensionless numbers become independent of Re; and the following typical values are obtained:
Peh,,=1-2, B o h , r = 4 -8 a n d B i t = 1 -5 .
For a short and narrow tube with N = 5 and r= 10, this yields for Eqs (1) and (2):
I-"" haw--0.14 and Z = 0 . 2 , 1e.r a w respectively. Thus, for sufficiently high Reynolds numbers, axial dispersion of heat can usually be neglected for the description of heat transport without reaction in wall-cooled or heated packed beds. But, at lower Reynolds numbers, a small diameter tube and a small number of particles on a diameter, the axial dispersion of heat may become significant.
I .2 Apparent Length Dependence
Several workers observed an apparent dependence on length of Ae,r and aw, as applied in the pseudo-homogeneous twodimensional model, and of Uor, as used in the one-dimensional model, often referred to as the "length effect" [16, 18, 191 . It was also found that this length effect can be eliminated by taking axial dispersion of heat into account [20 -221.
Objective of the Present Investigation
The significance of axial dispersion of heat for the description of heat transport in a wall-cooled packed bed is studied and, to this end, a pseudo-homogeneous two-dimensional model with axial heat dispersion is solved numerically. The influence of the boundary conditions at the inlet and outlet is elaborated and a possible explanation given for the apparent elimination of the length effect by incorporation of axial dispersion.
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Model Equation
The system studied is a hot gas, cooled down in a wallcooled packed bed. For describing heat transport in the packed bed, the following assumptions are made:
-the system is at steady state and no reaction is taking place, -the system is considered to be pseudo-homogeneous, -there is no free convection of heat, -there is no radiation, -the superficial velocity is constant over the radius,
-the wall temperature is constant, -the physical properties of gas and solid are independent of temperature.
A heat balance for an infinitesimally small ring yields the following dimensionless model equation:
where 6 is given by 0 = (Tz,r -TcI)/(To-T,,) and To is the temperature measured at a point on the axis of the packed bed, defined as the location where o = 0.
Boundary Conditions
The following boundary conditions are chosen in radial direction: 
ae
Several possibilities exist for the boundary conditions in axial direction [lo, 231 . The system can be considered as open to axial dispersion of heat at the inlet and/or outlet, or it is considered to be closed to axial dispersion, yielding the well-known Danckwerts boundary conditions. For open boundary conditions at the inlet and outlet, a radial temperature profile is adopted, which is assumed to be parabolic in shape. Either of the following inlet boundary conditions is considered:
ae -P e f , ( l -A e 2 -e ) . Pef, a aw
In Eqs (6b) and (6c), oout is an axial position downstream from the outlet of the packed bed, thus oOUt 2 1.
Eqs (5a) and (6a) represent the boundary conditions for an open-open system. In the evaluation of experimental data, values of constants A , B and C are obtained by fitting the equations to experimental radial temperature profiles at the locations w = 0 and w = 1. Therefore, the data at w = 0 and w = 1 are not used for model fitting. Eq. (5 b) expresses the closed Danckwerts boundary condition at the inlet. The temperature profile immediately before the inlet at o = 0 is assumed to be of parabolic shape and a "temperature jump" at w = 0 is also assumed. For the system considered here, this is not a realistic assumption because the position w = 0 is situated inside the packed bed, so that the temperature profile will be continuous; there is no reason to assume that axial dispersion would not occur in the region where w<O. However, since Eq. (5b) is often used in the literature, its influence on the effective axial conductivity Ae,a is studied. Eq. (6b) expresses the closed Danckwerts boundary condition at the outlet. In practice, gas temperature never becomes equal to the coolant temperature and therefore Eq. (6 b) is never exactly valid. However, if the axial position at which Eq. (6b) is assumed to be valid is sufficiently distant from the actual bed outlet, i.e. oouts 1, the error incurred by using Eq. (6b) will be small. Therefore, the value of wout needed to minimize the error is determined for a wide range of Ae,a values. The boundary condition given by Eq. (6c) may appear strange. It is obtained by deleting the axial dispersion term from the heat balance given by Eq. (3) at w = wOut. This has no physical basis, but Eq. (6c) is a convenient boundary condition for a numerical solution of the equations. Eq. (6c) does not mean that there is no axial heat dispersion beyond the plane where w = wout; it is an open boundary condition and only indicates that the term (1 /Pef 3 a2 e/aw is small enough to be neglected in the heat balance.
Determination of Best Fit Values for Heat Transfer Coefficients
Eqs (3) -(6) were solved numerically with an upwind finite differences technique in axial direction, coupled with an interior collocation method in radial direction, see appendix. This numerical procedure proved to be very stable and relatively fast for a wide range of Bof,, Pet, and Bit values.
Best fit values for & , L a and a, were obtained by adjusting these parameters until a best fit solution of Eqs (3) -(6) to the experimental temperature profiles was found. The objective function minimized is a chi-square target function, calculated according to:
In Eq. (7), n is the number of temperature measurements, 
Experimental Set-up
The device for measuring radial and axial temperature profiles contains three stainless steel wall-cooled tubes, 1.33 m long and with inner diameters of 49.9, 63.5 and 99.0mm. The tubes were filled with packing and cooled with water at about 283K, flowing through a jacket. Hot air at about 333 K, flowed upwards through the tubes and was cooled at the wall. Under steady-state conditions, the radial temperature profile was measured near the top of the bed, with 7 to 15 K-type thermocouples, 0.5 mm in diameter, fixed in a rectangular rod of 2 x 2 mm mounted radially through the centre of the bed. The rod is made of a poorly conducting material, so that the measured temperatures were not affected by conduction through it. The temperature of the gas at the inlet to the packed bed, coolant temperature at inlet and outlet, pressure upstream of and downstream from the bed and the gas flow rate were also measured. The pressure drop across the bed was always less than 0.1 bar and therefore neglected. A flow sheet of the equipment is shown in Fig. 1 a and a diagram of the tubes in Fig. 1 b.
The bed height in a tube can be increased by lowering the piston in the bottom of the tube and adding extra packing material, maintaining the top surface of the packing at the same level in the tube. By altering the bed height in this way, it is possible to obtain radial temperature profiles at different axial positions or bed lengths. This is shown schematically in Fig. lc . Also, the tubes are designed in such a way that the bed can be easily repacked by fluidizing the packing for a short time. Care was taken to maintain the bed height, and thus the average bed porosity, the same throughout one whole experimental series. The individual dimensionless radial temperature profiles, obtained from measurements, were averaged to one mean profile for a given bed length. This also produced values of the standard deviation for every radial point. Combination of the average radial temperature profiles, obtained for different bed heights at the same experimental conditions, yields the temperature field for the whole tube.
All experiments reported here were performed with air at atmospheric pressure, for which the following physical properties applied at 1 bar and 313 K: e = 1.13 kgm-3, 
Discussion
Influence of the Boundary Condition at Outlet
The influence of the boundary condition at the outlet was studied in the presence of a parabolic radial inlet temperature profile given by Eq. (5a). Different results were obtained from the model calculations when a radial outlet temperature profile according to Eq. (6a) was assumed than when taking the second derivative of temperature in the axial direction equal to zero as given by Eq. (6c). This is shown in Fig. 2 . Fig. 2a was calculated with Eqs (3), (4), (5 a) and a fixed outlet temperature profile Eq. (6a), for arbitrarily chosen values of model parameters. Fig. 2 b was calculated with the outlet boundary condition given by Eq. (6c) for the same values of the model parameters. If a fixed radial temperature profile at the outlet is assumed, large axial gradients are observed at the outlet. The influence of the outlet boundary conditions, given by Eqs (6a) and (6c), becomes very clear if the effective axial thermal conductivity and the resistance to radial heat transport are assumed to be very high. This situation is illustrated in Fig. 3 for arbitrarily chosen values of model parameters. If a fixed radial outlet temperature profile is chosen, large axial gradients prevail, despite the radial heat transport being low.
The choice of the axial position w,,~ at which the outlet boundary conditions, given by Eqs(6b) and (6c), can be used is important. The smallest value of uOut has to be found for which the temperatures calculated for the packed Table 1 lists the calculated differences for a = 1.0-1.5. It can be seen from this table that the axial position, where Eq. (6b) or (6c) is adopted as the outlet boundary condition, without influencing the profiles calculated for 0 < w < 1, increases with decreasing Pet,, as expected. It can also be seen that, for a very wide range of Pec,, Eq. (6c) can be safely taken at wout = 1, whereas wout> 1.5 is needed for Eq. (6b). Therefore, Eq. (6c) is preferred to Eq. (6b) as the outlet boundary condition. However, it should be realized that Eq. (6c) is an "open" boundary condition, which is fundamentally different from a closed one.
Significance of Axial Dispersion of Heat
The numerical solution of Eqs (3), (4), (5a) and (6c) was fitted to experimental temperature profiles. This produced &,,A,,, and a, values for three wall-cooled tubes, differing only in inner diameter and filled with alumina cylinders, applying different gas flow rates. The obtained results are listed in Table 2 together with the so-called goodness of fit (GOF) data and the mean absolute error. GOF is the probability that the chi-square value exceeds a particular value xkin by chance. This probability is calculated using the chisquare distribution for n -m degrees of freedom, where n is the number of measured points and m the number of adjustable parameters. If GOF shows a very small probability for some particular data set, the apparent discrepancies are unlikely to be coincidental fluctuations. In this case, either the model is incorrect or the measurement errors are actually larger than stated [24] . The mean absolute error is calculated according to: Fig. 4 which shows the target function calculated with Eq. (7) for the tube with Dt = 63.5 mm, filled with alumina cylinders of d; = 5.9 mm and at a Reynolds number of Re: = 174. Moreover, is cross-correlated with and a,. This is shown in Fig. 5 , where temperature profiles calculated with Eqs (3), (4), (5a) and (6c) are plotted for the best fit heat transfer coefficients under the same conditions as in Fig. 4 . 9) is only 4.5%, which is practically the same as the difference between the measured and fitted profiles, see Table 2 . If the temperature profile in axial direction is not completely smooth and/or the inlet temperature profile is not read correctly, it is possible to obtain a slightly better fit with a very high value of & a together with somewhat higher values of Ae,r and a,, compared to the conditions where axial heat dispersion is neglected. The above considerations lead to the conclusion that axial dispersion of heat does not improve the description of heat transport in wall-cooled packed beds, for the conditions applied here. To verify this, a one parameter fit, in which only A,,, was adjusted, was also performed on all the temperature profiles available, using the best fit values for & and a , as obtained with the model which neglected the axial The above can also be shown graphically by taking a certain value of and adjusting only Ae,* and a , in such a way that best fit is obtained with the numerical solution of
Eqs (3), (4), (5a) and (6a) or (6c), respectively. This is shown in Fig. 6 for the experiments in the tube with D, = 99.0 mm, filled with alumina cylinders of di = 5.9 mm and for Re; = 421. Fig. 6 a presents the target function x 2 plotted against the dimensionless effective axial thermal conductivity. The target function is reduced by dividing it by the target function for A,,, = 0. The two lines in the diagram are calculated for two different outlet boundary conditions, namely either with a fixed radial outlet temperature profile given by Eq. (6a) or taking the second derivative of temperature as zero in the axial direction at o = 1 as given by Eq. (6c). As seen from Fig. 6a , the target function increases only slightly with a large increase in A,,,, but this increase in the target function is larger when Eq. (6c) is adopted as the outlet boundary condition.
Figs 6 b and 6 c present the best fitted dimensionless effective radial conductivity and wall heat transfer coefficient, respectively. As a rule, both coefficients increase slightly with increasing effective axial conductivity. A,* = ReiPr/Pe,,h, where in our case P r = 0.71. For axial mass dispersion in the turbulent regime, say for Re;> 50, the axial Peclet number was found to be between 1 and 2. If we also assume that, for axial heat dispersion, the Peclet number does not become less than unity, the relevant range for in Fig. 7 is O<A,*< 123. 
Influence of the Boundary Condition at Inlet
So far, only a fixed radial temperature profile as given by Eq. (5a) has been used as the inlet boundary condition. With this condition, no significant improvement was obtained by incorporating axial heat dispersion. Let us now consider the consequence of assuming the inlet temperature profile to be radially constant while the actual profile is curved. In addition, let us examine the effect of a Danckwerts type inlet boundary condition.
-Flat radial inlet temperature profile
The measured radial temperature profiles at the axial position o = 0 were always parabolic in shape, yielding values for the constant A in Eq. (5a) of between 0.5 and 0.8. Measuring the temperature only at the centre of the bed and assuming it to be constant over the radius, the inlet boundary condition given by Eq. (5a) transforms into:
This inlet boundary condition is often used in literature as
that for an open system. Values of a, , , , and a , can again be obtained by fitting the solution of Eqs (3), (4) , (6c) and (10) to the experimental temperature profiles. Table 3 lists the results for the three tubes, filled with alumina cylinders, at different gas flow rates. Remarkably, now the optimum values of are no longer around zero and an improvement in the description of the temperature profiles is achieved by inclusion of axial dispersion of heat. Comparing the results of Table 3 with those in Table 2 , it can be seen that the values of Ae,r and a , are slightly higher. Probably, the large axial temperature gradients, especially near the inlet and near the wall of the tubes, introduced by overestimation of inlet temperature, lead to an apparent axial thermal conductivity.
-Danckwerts inlet boundary condition.
As already pointed out, assumption of a temperature jump at o = 0 is unusual with our set-up, because the inlet profile is taken at a location within the packed bed. However, since Eq. (5b) is often used in literature, its effect on was studied. As expected, if constant A (in Eq. (5 b)) was obtained by fitting a parabola to the measured temperature profile at o = 0, the fitting of the model including axial dispersion, using Eq. (3), (4), (6c) and (1 1) to experimental temperature profiles. Table 4 lists the results obtained for the three different tubes, filled with alumina cylinders of d i = 5.9 mm and the corresponding values of Re;. Again, discrete values were obtained for the effective axial conductivity and even a good fit as follows from the high values for GOF and low mean errors. Thus, incorporation of axial dispersion into the heat balance and using a Danckwerts inlet boundary condition leads to an apparent improvement in the description of heat transport in wallcooled packed beds, in the case of incorrectly assuming a radially flat temperature profile immediately in front of the inlet while the actual profile is curved.
Elsewhere [27], we have shown that adoption of a radially flat inlet temperature profile, while the actual profile is curved, may imply a length dependence of ,le,r and a,. This is due to overestimation of temperature at the inlet, in the case of cooling. The inlet boundary condition, given by Eq. (1 I), can compensate for this overestimation, by introducing a temperature jump at the inlet. This is illustrated by the pseudo-homogeneous one-dimensional model for the description of heat transport in wall-cooled packed beds.
The well-known solution of this model is given by: BMC = OF' exp (-4St'o) . and 6 = ( T -T,)/( To -T,) , where To is the temperature measured in the centre of the packed bed at o = 0. If the temperature profile at o = 0 is radially flat, 07' equals unity, otherwise it would be less than one. Let us assume that the actual axial mean-cup temperature profile, measured in the packed bed, can be described by the following equation:
0~' = 0 . 7 e x p ( -2~) .
(12a) Thus, 6, "' = 0.7 and St@ = 0.5.
In Eq. (12), BMC is the-so-called "mean-cup'' averaged ternperature, calculated according to:
Now, assuming that this profile is described by Eq. (12), incorrectly taking the inlet temperature profile to be radially flat, or: Table 3 . Dimensionless best fit values for A,,,, I,,r and a, for alumina cylinders, for three different tube diameters and at different gas flow rates. Calculations performed with Eqs (3), (4), (6c) and (10). whereby a radially flat inlet temperature profile was incorrectly assumed.
Re: [-I
A,* Table4. Dimensionless best fit values for I,,,, and a, for alumina cylinders, for three different tube diameters and at different gas flow rates. Calculations performed with Eqs (3), (4), (6c) and (1 1) using a Danckwerts inlet boundary condition and incorrectly assuming a radially flat temperature profile directly in front of the inlet The mean-cup temperature, calculated with Eq. (12b) can be set equal to the "measured" temperature described by Eq. (12a), at different bed lengths. This yields for example:
In other words, St@ or U,, decreases with increasing bed length, i.e. manifesting the so-called "length effect".
Supposing that the profile, given by Eq. (12a), is described by a one-dimensional model with axial heat dispersion and using a Danckwerts inlet boundary condition: the dimensionless equation for this model can be written as follows:
Subject to:
Eq. (14) Fig. 8 . 
Conclusions
The inclusion of axial dispersion of heat in the heat balance does not significantly improve the description of heat transport without reaction in wall-cooled or heated packed beds, if the correct radial inlet temperature profile is used and the employed Reynolds numbers exceed 50. Only occasionally, an extremely high effective axial thermal conductivity is found which yields a slightly better fit. The sensitivity of model calculations to the effective axial thermal conductivity is very low and this parameter is cross-correlated with the effective radial thermal conductivity and the wall heat transfer coefficient. This leads to the conclusion that it is not possible to obtain reliable values for the effective axial conductivity from cold-flow experiments in wall-cooled or heated packed beds.
Although axial dispersion of heat can as a rule be neglected in the description of steady-state experiments in wall-cooled or heated packed beds, it cannot be neglected, e.g. if a dynamic heat transport process is described by a pseudohomogeneous model. In this case, axial dispersion of heat is needed to take into account the influence of the particleto-gas heat transfer coefficient [28, 291.
If axial dispersion is included, the following expression for the outlet boundary condition is proposed, to interpret cold-flow experiments: small, compared to e.g. setting the first derivative equal to zero at a certain axial position outside the packed bed. The outlet temperature equal to that of the coolant at that location. Furthermore, for this boundary condition, model calculations are more sensitive to the value of the axial dispersion coefficient, compared to the conditions given by Eqs (6a) and (6b).
Eq. (3) can also be written as calculated temperatures in the packed bed is always very G -~K , -F ( e , w ) Discrete values of the effective axial conductivity are obtained if the temperature measured in the centre of the packed bed at w = 0 is adopted as the inlet temperature, assuming a flat radial temperature profile at this axial position, while the actual profile is curved. If, in this case, a Danckwerts boundary condition is used, values are also found for &, and an apparent improvement in the description of the experimental temperature profiles is observed.
Eq. (A 1) is solved with an upwind finite differences method and Eq. (A2) by an interior collocation method, subsequently both solutions being combined using Eq. (A3).
Finite Differences in Axial Direction
This is due to the fact that the temperature drop at the inlet can compensate for the overestimation of inlet temperature, in the case of cooling. This temperature drop at the inlet For the first and second derivatives in axial direction, the following Taylor series are used: may also apparently eliminate the length dependence of the radial heat transfer coefficients. Thus obtained coefficients slightly differ from the true values. 
e;-
Collocation in Radial Direction
For the collocation method in radial direction, the following polynomial was chosen: Subsequently, the equations for the temperatures at axial finite differences points and interior radial collocation points can be solved numerically. For the numbers of points, N , = 15 and Mrad = 3 were chosen as a rule.
Interpolation
The presented method yields M x N calculated temperatures at axial finite difference points and radial collocation points. The locations of these points are never the same as the axial and radial locations of temperature measurements in the experimental set-up. Therefore, for the fitting of temperatures, an interpolation method has to be employed. 
